AMS210.01.

Homework 6

Andrei Antonenko

Due at the beginning of the class, April 28, 2003

In this homework we will consider the following scalar products

o In R™: ((z1,22,...,2n), (Y1,¥2,-- - Yn)) = T1y1 + T2y2 + - + TnYn;
e In M,,,: (A, B) =tr(ABT);

o In Cla,b]: (f,9) = [, f(t)g(t)dt.

In this homework there are a lot of extra-credit problems of different levels of difficulty. You should
understand perfectly how to solve standard problems, and proceed to extra-credit problems only after

that! The problems from exam and quizes will include only standard problems.
1. Compute (3u — 5v,2u + v) if (u,u) =5, (u,v) =1 and (v,v) = 2.
2. Compute the following scalar products:

(a) ((2,1,-3,1),(0,4,2,2)) in R* with standard scalar product.
(b) (2t + 1,2 in the space C]0, 1].
(c) (2t +1,t%) in the space C[-1,1].

3. Find norms and normalizations of the following vectors:

(a) (4,2,2) in R? with standard scalar product.
(b) 2 in C[0,1].
(c) 2 in C[-1,1].
4. Find the cosines of the angles between the following vectors:
(a) (0,2) and (3, —3).
(b) 2 and t2 + 1 in CJ0, 1].
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5. Find all constants a such that

(a) vectors (a,2) and (a,—8) are orthogonal in R?.
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(b) vectors t? and 2 + a are orthogonal in C10, 1].

. Determine the distances between the following points:

(a) (1,2,—4) and (0,2,5).
(b) 2¢ —1 and 3t + 1 in C[0, 1].

Find all values of a such that ||(1,a,—3,2)|| = 5.

. Prove that the following pairs of vectors are orthogonal:

(a) (1,4,—2) and (2,1,3) in R3.
(b) cost and sin2t in C[—m, 7].
(c) 3t2 —1 and 5t3 — 3t in C[-1,1].

. Find the vector v = (a,b,c) which is orthogonal to the both vectors v; = (1,2,1) and vo =

(1,—-1,1).

Find the bases of the orthogonal compliment S+ of the following sets of vectors S:
(a) S={(1,4,5,2)}.

(b) S={(1,-2,2,4,1),(2,—-2,—-1,0,4)}.

Find the coordinates of the vector v in basis consisting of w;’s, if it is known that the basis is

orthogonal. Use the method, specific for orthogonal bases, otherwise you will not get a credit!

(a) v=(2,3), basis: u; = (%, %), U2 = (_%v

)
7)-
(b) v=(1,2,3), basis: u; = (1,-1,2), ue = (2,2,0

), and ug = (—1,1,1).
Compute projections of the vector v to the vector w:

(a) v=(1,2,3), w = (2,2,2).

(b) t to t2+ 1 in C[0,1].

(a) Compute projection of the vector (—1,0, 1) to the plane with the basis {(0, 1, 0), (%, 0, %)}
(b) Find the distance between (—1,0,1) and the plane from the previous part.

(a) Compute projection of the following vector (4, —1, —3,4) to the subspace with the following
basis {(1,1,1,1), (1,2,2,—1),(1,0,0,3)}.

(b) Find the distance between (4, —1,—3,4) and the subspace from the previous part.
Apply the Gram-Schmidt orthogonalization process to the following sets of vectors:

(a) (1’717()’1)7 (anaoa 1), (07071)0)
(b) (1,1,-1,0), (0,2,0,1), (—1,0,0,1).
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[Extra credit] Determine which of the following functions are bilinear:

(a) f(A,B)=tr(AB), A,B € M, .

(b) f(A, B) = tr(AB — BA).

() f(A, B) = det AB.

(@) F(A,B) = tx(A + B)

(¢) (A, B) = tr(AB")

(f) F(A,B) = (i, ')-th clement of AB.

(g) flu,v) = fa t)dt, u,v € Cla,b].
() Fluv) = 2 < (t))2

(i) f(u,v) = (uv)(a), a is a fixed number.

[Extra credit] Using the scalar products prove the following fact:

(a) The sum of the squares of the diagonals of the parallelogram is equal to the sum of the

squares of its sides.

(b) If @, b, and c are sides of the triangle, then ¢? = a? + b? — 2abcos o, where « is the angle

between a and b.

[Extra credit]

(a) Find the length of the diagonal of the n-dimensional cube with the side a. (Hint: use
Pythagoras theorem!)

(b) Find the radius R of the sphere, circumscribed around the n-dimensional cube with the

side a. Find when R is less then a.

[Extra credit] Find the length of the orthogonal projection of the side of the n-dimensional

cube to its diagonal.

[Extra credit] Find the angle between the vector x and the subspace L, if x = (2,2,1,1) and L
is the plane based on the following two vectors: (3,4, —4,—1) and (0,1, —1,2). (Hint: the angle
between the vector and the subspace is equal to the angle between the vector and its projection

to the given subspace)
[Extra credit]

(a) Apply the Gram-Schmidt orthogonalization process to the polynomials 1, ¢, 2, and 3 in
the space C]0,1].

(b) Find the projection of #> onto the subspace, spanned by 1,, 2, 3.

[Extra credit] The function v — ||v|| on the vector space is called norm if it satisfies the

following properties:

(i) [jv|| = 0; if ||v|| = 0, then v = 0.



(ii) [[koll = [K[[[o]l-
(i) [u+ vl < flull + o]

We can define norms in different ways. Let’s define the following 3 functions in R™:

||(CL1,CL2, ) an)”oo = m?X(W)a

(a1, a2, -, an)ll = lar| + laz] + -+ + |an;

I(ar,a2, s an)lla = \Ja? + a3 + -+ a2

(a) Prove that all these functions are norms in R".

(b) Describe the unit circles on the plane in these norms, i.e. the sets of points u = (z,y) such
that ||ul|ce = 1, |Jull1 =1, and |[Jul2 = 1.

23. [Extra credit] Prove that the following vectors form an orthogonal system in the space C[—m, 7|:

1,sint,sin 2¢,sin 3¢, . .., cost, cos 2t, cos 3t, . . ..

24. [Extra credit] Find the projection of the function e onto the space of polynomials P(t), if the
scalar product is defined as (u,v) = f_ll u(t)v(t) dt

25. [Extra credit] Suggest an algorithm of finding a distance from the point to the plane, for
example try to solve the following problem: find the distance from the point a = (4,1, —4, —5)
to the plane P = (3,—-2,1,5) + ((2,3,—2,-2), (4,1, 3,2)) (This is the plane which goes through
the point (3,—2,1,5) and is generated by vectors (2,3, -2, —2) and (4,1, 3,2)).

26. [Extra credit] Suggest an algorithm of finding a line which goes through the given point and is
orthogonal to the given plane, for example, find the line (i.e., vector on it) which goes through the
point a = (5, —4,4,0) and is orthogonal to the plane P = (2,-1,2,3) + ((1,1,1,2),(2,2,1,1)).



